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Clustering, grouping, self-induced switching, and controlled dynamic pattern generation
in an antiphase intracavity second-harmonic-generation laser
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Department of Applied Physics, Tokai University, 1117 Kitakaname, Hiratsuka, Kanagawa, 259-12 Japan

Jyh-Long Chern
Department of Physics, National Chung Kung University, Tainan, 70101 Republic of China

~Received 11 March 1997!

Antiphase dynamics in globally coupled optical systems are investigated numerically in the model of intra-
cavity second-harmonic generation in multimode lasers. Clustering, grouping of antiphase motions, and self-
induced chaotic switching among a factorial number of coexisting grouping states, leading to antiphase peri-
odic states, are found to occur when a pump parameter is increased. Dynamical characterization of grouping
behavior and self-induced switching is carried out by global intensity circulation analysis. Nonreciprocal
independence of intensity flow in grouping states and switching-path formation process among coexisting
grouping states are presented. The controlled switching-path formation between different periodic grouping
states by perturbation-pulse injections is demonstrated.@S1063-651X~97!00910-0#

PACS number~s!: 42.50.Ar, 02.90.1p, 05.45.1b
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I. INTRODUCTION

Antiphase dynamics in globally coupled nonlinear osc
lator systems is one of the intriguing issues in complex s
tems. Antiphase periodic states have been investigated
perimentally and theoretically in such systems as coup
Josephson junction oscillators@1#, coupled chemical oscilla
tors @2,3#, intracavity second-harmonic generation in mul
mode lasers@4#, and modulated multimode lasers and las
arrays @5,6#. Similar spatiotemporal electroencephalogra
~EEG! pattern generations have been reported in olfact
sensing systems@7#. In laser systems, novel phenomena
sociated with antiphase periodic states~abbreviated APS! in-
cluding injection-seeded factorial dynamic memory@5,6#,
grouping of antiphase motions leading to cooperatively s
chronized chaos@8#, as well as chaotic itinerancy amon
ruins of local APS chaotic attractors in the destruction p
cess of APS’s@9# have been reported.

In this paper, several dynamical behaviors associated
Q-switching-type APS’s have been found in the model
intracavity second-harmonic generation in multimode las
in the regime of highly efficient conversion into the seco
harmonic. They include clustering, grouping in antiphase
cillations, self-induced chaotic switching among coexisti
grouping states, and intermittent chaotic antiphase motio
high-dimensional phase space. Dynamical characteriza
of the grouping state has been carried out in terms of cir
lation analysis@10,11#. Nonreciprocal independence of inte
sity flow in grouping states and switching-path formati
process among a factorial number of coexisting group
states have been identified numerically. ‘‘Timing’
controlled perturbation-pulse-induced flexible successive
namical pattern generation utilizing coexisting period
grouping states is demonstrated by numerical experimen
561063-651X/97/56~4!/4765~8!/$10.00
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II. ANTIPHASE PERIODIC STATES IN MULTIMODE
INTRACAVITY SECOND-HARMONIC-GENERATION

LASERS

A. Model equations

The intracavity second-harmonic generation~ISHG! in
multimode lasers can be described by the following mo
equations@5#:

dIk

dt
5KS Gk2a2geI k22e(

j Þk
m jkI j1si ,kD I k , ~1!

dGk

dt
5g2S 11I k1b(

j Þk
I j DGk . ~2!

Here,t5T/t is the normalized time~t is the population life-
time!, I k is the intensity for thekth longitudinal mode,Gk is
the modal gain associated with thekth mode,K5t/tc ~tc is
the cavity round-trip time!, a is the cavity loss,g is the
small-signal gain, andb is the cross-saturation paramet
among oscillating modes. The terme is the coefficient of
nonlinear conversion into the second harmonic andg is a
geometrical factor whose value depends on the phase de
of the amplifying and doubling crystals and on the ang
between the fast axes of these two crystals. The lasing mo
are specified to oscillate in either of two polarizations.si ,k
denotes the seeding pulse. In Eq.~1!, m jk5g if mode j and
modek have the same polarization, whilem jk512g if the
two modes have orthogonal polarizations. We have made
simplifying approximation thata, b, g, ande are the same
for all modes. The present model is easily extended to
clude the globally coupled laser array ISHG model, in whi
a small-signal gain of each laser element can be contro
@12#.
4765 © 1997 The American Physical Society
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B. Antiphase periodic state

In the case of relatively small frequency-doubling coe
cients, APS’s consisting of ‘‘spiking-type’’ pulses are bo
via a Hopf bifurcation@13#. In this case, APS’s are destab
lized when a small-signal gain~e.g., pump parameter! is in-
creased and local APS chaos appears, leading to gl
chaos. In local chaos regimes, antiphase relationships am
pulsed modes are almost maintained, while modal intens
fluctuate chaotically. When global chaos appears, both m
phases and intensities fluctuate chaotically. In the transi
process from local to global APS chaos, chaotic itineran
takes place and self-induced switching among ruins of co
isting local APS chaotic attractors occurs. The important f
ture of chaotic itinerancy is that it never occurs by an ext
nally applied random force@9,14#.

In the regime of highly efficient conversion into the se
ond harmonic, on the other hand, ‘‘Q-switching-type’’
APS’s consisting of square-wave pulses have been repo
to appear when a pump parameter is increased@15#. There
coexist MAPS5(N21)! equivalent APS attractors in th
phase space if we assume that all the modes are oscillatin
the same polarization. For brevity, the following studies
carried out in the case where all the modes are oscillatin
the same polarization.

The threshold small-signal gain for the onset of APS
depicted in Fig. 1 as a function of number of oscillatin
modesN. Adopted parameter values area50.02,b50.292,
g50.5161, ande50.04 reported in@15#. In the following
simulations, these parameter values are fixed. As the num
of modes becomes large, the threshold small-signal gaing th
increases and the APS region decreases as well. This is
sonable since input energy shared by lasing modes decre
and the basin of attraction shrinks asN increases as well. A
typical example ofQ-switching-type APS’s in the case o
N59 is shown in Fig. 2~a!, where (N21)!540 320 equiva-
lent APS’s coexist in a high-dimensional phase space
should be noted that the total output shows rather smo
amplitude oscillations superimposed on a constant dc c
ponent~plateau!.

C. Global intensity circulation

In Fig. 2~b!, we display the global intensity gain circula
tions relative to mode 1. Here, the global intensity circulat
is defined as@11#

G i j 5 İ j)
kÞ j

I k2 İ i)
kÞ i

I k . ~3!

FIG. 1. The threshold small-signal gain for APSg th as a func-
tion of system sizeN. Adopted parameter values are given in t
text.
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Here, the overdot denotes the time derivative. The prod
İ jPkÞ j I k represents the total intensity transfer from
modes to modej . G i j includes the contributions ofall lasing
modes instead of only modesi and j . Hence it describes the
global intensity circulation between modesi and j . At the
pulse trailing edget5a, a larger intensity~e.g., energy! flow
occurs from mode 1 to mode 7 than to other modes. A
result, mode 7 is excited in the next period by obtaining
predominant energy. The same scenario is observed for
energy flows at trailing edges of each mode and the sequ
of APS is determined.

III. DYNAMICAL STATES ASSOCIATED WITH APS

In the case of larger system size~e.g., N>8!, various
dynamical behaviors, such as clustering, grouping of
tiphase motions, and self-induced switching among group
states, appear in pump regimes below the APS thresh
The result forN59 is summarized in Table I. In this table
CS, GS, and SS denote periodic clustered state, peri
grouping state, and self-induced chaotic switching amo
grouping states, respectively. In the following, results forN
59 are mainly shown. All dynamical states leading to APS
were observed forN>8 and only SS was observed forN

FIG. 2. Antiphase periodic state.g50.3.~a! Temporal evolution
of intensities and their summation and~b! corresponding global
intensity circulationsG1,j .

TABLE I. Dynamical states at different small-signal gainsg.
N59.

Small-signal gaing Dynamical states

0.12 CS@2,7#
0.125 CS@4,5#
0.151 GS@7,2#
0.17 GS@8,1#
0.20 SS
0.30 APS
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56 and 7. ForN<5, such dynamical states as CS, GS, a
SS were not clearly seen. In pump regimes above the A
region, intermittent APS’s appear.

A. Clustered state

When a pump parameter is far below the critical pump
the onset of APS, the energy supply to the laser medium
not enough for all the lasing modes to produce APS pu
and clustered states are formed instead. Examples of tem
ral evolutions of clustered states are shown in Figs
(@m,n#5@2,7#) and 4 ~@4,5#!. In clustered states,m lasing
modes emit small-amplitude ‘‘in-phase’’ square-wave pul
while other n modes emit larger-amplitude antipha
Q-switched pulses such that the total intensity fluctuates
riodically around a larger dc component. In other terms,
sum of in-phase periodic modes is antiphased w
Q-switched pulses as shown in Figs. 3~a! and 4~a!. The num-
ber of in-phase pulses decreases as a pump parameter
creased. A similar clustering behavior is often observed
globally coupled laser systems, and it is referred to as
AD2 state@13#.

B. Grouping state

If a pump parameter is increased further, the energy s
ply to the laser increases accordingly. As a result, the num
of Q-switched pulse modes increases. Then, another typ

FIG. 3. Temporal evolutions of modal intensities for a cluste
state@2,7#. g50.12.
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dynamical states of ‘‘grouping’’ takes place, in which
group of m modes smaller thanN forms complete APS’s,
while othern modes exhibit higher-frequency periodic su
tained relaxation oscillations~abbreviated as SRO! with
smaller amplitudes. Therefore the system is grouped
qualitatively different motions with different oscillation tim
scales. The number of SRO modes decreases as a pum
rameter is increased. Examples of temporal evolutions
grouping states and corresponding phase portraits are sh
in Figs. 5 (@m,n#5@7,2#) and 6~@8,1#!, in which two or one
mode~s! exhibit~s! SRO. In this case, there coexistMGS
5N!(N2n21)!/n!(N2n)! equivalent grouping states in
the phase space, wheren is the number of SRO modes. Sim
larly to Fig. 2~a!, the system is self-organized such that t
total output exhibits rather smooth periodic fluctuatio
above a dc component, in which the total output oscillat
wave form resembles that of SRO.

In this state, nonreciprocal independence of energy flow
found to be established. In short, a unidirectional global
tensity flow occurs from the APS mode group to the SR
mode group. The global intensity circulation, which corr
sponds to Fig. 6~a!, is shown in Fig. 7. Mode-to-mode globa
intensity circulations relative to the SRO mode fluctuate
both directions around zero, however, the sum of global
tensity circulation indicates that a cooperative unidirectio
energy flow from the APS mode group to the SRO mode
clearly seen to be established. A similar nonreciprocal in

d
FIG. 4. Temporal evolutions of modal intensities for a cluster

state@4,5#. g50.125.
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4768 56KENJU OTSUKA, YOSHINORI SATO, AND JYH-LONG CHERN
pendence has also been reported in modulated multim
laser systems@8# and ISHG multimode lasers@15#.

C. Self-induced switching among grouping patterns

When a pump parameter approaches the critical pump
the onset of APS, random switching among a factorial nu
ber of coexisting grouping states appears. Examples of
chastic switching patterns obtained for different initial co
ditions are shown in Fig. 8. A calculated Lyapunov spectr
possesses one positive, almost zero Lyapunov exponent~e.g.,
0.24, 0.003! and 16 negative ones in the case of Fig. 8. T
implies that there is multistability between theMGS number
of stable grouping states mentioned in Sec. III B and rand
switching is occurring between them in this regime, result
in chaotic motion which possesses at least one positive l
ing Lyapunov exponent. Depending on initial condition
various switching patterns are generated after some t
sients, with different staying periods in the neighborhood
grouping state fixed points. In general, the chaotic SRO m
tion appears in a different mode at random in time like
‘‘defect’’ wandering over oscillating modes. However, th
total intensity still exhibits rather small-amplitude chao
fluctuations superimposed on a constant dc plateau, simi
to Figs. 5~a! and 6~a!. Examples of self-induced switching
obtained for different system sizes are shown in Fig. 9.

FIG. 5. Grouping state@7,2#. g50.151.~a! Temporal evolution
of intensities,~b! and ~c! are phase space trajectories.
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There exists such a simple rule that switchings alwa
occur quite ‘‘locally’’ featuring an abrupt shift of a defec
mode. At the pointF in Fig. 8~a!, for example, the chaotic
SRO mode 7 produces a pulse just after the preceding m
6, as is indicated by↑, while mode 8, which was producin
pulses after the preceding mode 6 before the switch
switches to a chaotic SRO state in return, as is indicated
↓. As a result, the SRO mode shifts from 7 to 8 associa
with switching. Here, other modes except for the switchi
pair modes 7 and 8 maintain their APS sequence forat least
more than one APS oscillation periodafter the switching.
The same switching pattern is established at other switch
points in Fig. 8. In some cases, however, successive sw
ings occurwithin one APS oscillation periodobeying the

FIG. 6. Grouping state@8,1#. g50.17.~a! Temporal evolution of
intensities,~b! and ~c! are phase space trajectories.

FIG. 7. Unidirectional global intensity flow corresponding to th
grouping state@8,1# shown in Fig. 6~a!.
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56 4769CLUSTERING, GROUPING, SELF-INDUCED . . .
above-mentioned rule as indicated by arrows in Fig. 8~b!.
A cooperative unidirectional energy flow from the AP

mode group to the SRO mode, which was shown in Fig. 7
found to be occurring even in this chaotic domain. The res
is shown in Fig. 10, together with corresponding tempo
intensity evolution, where the sequences of APS before
after the switching pointS are depicted by numbers. At th
switching point, the global intensity flow in the syste
changes abruptly.

A clear theoretical explanation for the self-induc
switching in this high-dimensional system has yet to
known; however, we shall characterize dynamics occurr

FIG. 8. Self-induced switching states obtained for different i
tial conditions.g50.2.

FIG. 9. Self-induced switching obtained for different syste
sizes.~a! N57, g50.11. ~b! N58, g50.15.
is
lt
l
d

e
gnear the switching point to identify the switching mechanis
numerically. For this purpose, global intensity circulatio
between the preceding chaotic APS mode 5 to the switch
pair modes 1 and 6, and their difference are shown in F
11. From this figure, it is found that a slightly larger ener
flow to mode 1 just before switching pointS indicated by↑
prefers the excitation of mode 1 rather than mode 6. Acco
ingly, mode 1 produces an APS pulse, while mode
switches to the chaotic SRO state in return. Additiona
energy flows from the preceding APS mode 5 to other mod

-

FIG. 10. Dynamical characterization of self-induced switchin
g50.2. ~a! Temporal evolution of intensities, where the switchin
sequence is indicated by numbers.~b! Global intensity circulation
G1,j before the switching.~c! Global intensity circulationG6,j after
the switching.

FIG. 11. Global intensity circulations near the switching point
Fig. 10, involving the preceding mode 5 and switching pair mod
1 and 6.
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4770 56KENJU OTSUKA, YOSHINORI SATO, AND JYH-LONG CHERN
except for the switching pair modes, are found to be unifo
and much smaller than to mode 1. This parallels the A
pulse excitation mechanism in terms of energy flow shown
Fig. 2~b!.

It should be stressed that local chaos, which is to be b
from each periodic grouping state, is absent in this mode
modulated multimode lasers, on the contrary, local group
chaos exists and a transient chaotic itinerancy among
ruins of local grouping chaos attractors terminated by a c
tered state is demonstrated@8#. The absence of localize
chaos born from periodic grouping states may suggest
self-induced switching in the present system may be in
preted in a different context. This point will be discuss
later.

D. Intermittent chaotic antiphase state

If a pump parameter is increased up to a critical point,
the lasing modes can share enough pump energy~e.g., popu-
lation inversion! equivalently and realistic APS as in Fig
2~a! is established. As a pump parameter is increased ab
the APS region, APS pulses of individual modes exhibit
termittent destabilization as shown in Fig. 12. A calcula
Lyapunov spectrum possesses three positive lea
Lyapunov exponents, indicating hyper-chaos. It is interes
to note that the present dynamical state is qualitatively
ferent from other states in the sense that individual mo
produce APS pulses with different shapes in time, wher
the total intensity exhibits intermittent spikes superimpos
on a dc component.

Finally, it should be pointed out that the total output a
ways exhibits rather smooth amplitude variations about 1
20 % above a large dc component, while individual mod
show a violent self-organized pulsation such that the la
produces more stable total output.

IV. PERTURBATION-INDUCED SWITCHING-PATH
FORMATION AND CONTROLLED DYNAMIC

PATTERN GENERATION

A. Switching-path formation by perturbation to SRO mode

There may exist a huge number of switching paths c
necting different grouping states. The self-induced coope
tive dominant energy flow to the chaotic SRO mode from
preceding APS pulse resulting in switching, which is iden
fied in the preceding section, suggests the possibility of c
trolled switching among grouping states by an exter

FIG. 12. Intermittent chaotic antiphase state.g51.
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physical manipulation. In order to check the idea of ‘‘mu
tiple’’ connections between coexisting grouping states a
controlled switching, we apply an extremely weak lig
pulse, which is three orders of magnitude smaller than
APS pulse height~i.e., si ,k>0.002, where pulse widthDt
51!, to a chaotic SRO mode as an ‘‘external’’ perturbati
instead of ‘‘self-induced’’ dominant energy flow to a SR
mode and control the energy flows~e.g., switching-path for-
mation! in regimes ofperiodic grouping states. From re
peated numerical experiments, the following empirical ru
is obtained.

Rule. Assume an APS mode sequence$...,P,Q,...%,
whereP andQ are arbitrary modes. If a perturbation pulse
applied to the SRO modeD at the time of leading edge of a
APS pulse of thePth mode, the SRO modeD emits an APS
pulse after the precedingPth mode instead of theQth mode
and theQth mode switches to the SRO state in return,
which other modes maintain their APS sequence.

Results of a light-injection-induced switching experime
are shown in Fig. 13, where a light pulse with the sa
energy is applied to the periodic SRO mode 6 atT1 ~leading
edge of the mode 7 pulse! andT2 ~leading edge of the mode
1 pulse!, starting from the same initial condition. After
time delay on the order of the APS pulse period, the S
mode produces APS pulses, while mode 8@see Fig. 13~a!# or
mode 5@see Fig. 13~b!# switches to a SRO state in return
depending on the timing of the applied perturbation. As
stated in the rule, such switchings occur quite locally a
other modes except for switching pair modes@e.g., mode 6
and mode 8 in Fig. 13~a!, mode 6 and mode 5 in Fig. 13~b!#
maintain their APS sequence similarly to self-induc
switchings shown in Fig. 8. This implies thatN21 different

FIG. 13. Perturbation-induced switching among periodic gro
ing states.g50.17. The perturbation pulse intensitysi ,k50.002 and
pulse widthDt51.
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56 4771CLUSTERING, GROUPING, SELF-INDUCED . . .
switching paths can be selectively created by changing
timing of the applied perturbation to the SRO mode with
one APS oscillation, starting from the same grouping st
Note that such switchings do not occur if one applies ‘‘u
form’’ perturbation pulses to all the lasing modes simul
neously.

When a timing of perturbation is shifted from the leadi
edge and/or a pulse intensity is too strong, successive sw
ings indicated by arrows in Fig. 8~b! take placewithin one
APS oscillation period, and finally an unexpected period
GS pattern appears. In this case, externally applied switc
pulses act like random perturbations and one cannot pred
new pattern according to the above-mentioned rule.

B. Controlled successive generation
of factorial dynamic patterns

If the initial periodic GS pattern is given, one can gen
ate desired periodic GS patterns successively in a contro
manner by successive applications of switching pulses
SRO modes at different times according to the ‘‘program
which is based on the above-mentioned switching rule.
short, extremely flexible successive excitations of a facto
number of dynamic patterns with weak perturbation sign
is possible in the present system by a systematic phys
manipulation based on the rule mentioned above. In the c
of N510, for example, the maximum number of availab
patterns isMGS5403 200. An example of successive ge
erations of periodic GS patterns is shown in Fig. 1
In this example, the periodic GS pattern changes
APS sequence as $1,8,5,3,2,9,4,7%→$1,8,6,3,2,9,4,7%
→$1,8,6,5,2,9,4,7%→$1,8,6,5,3,9,4,7% in accordance with the
sequential shift of the ‘‘defect’’ mode 6→5→3→2. Ran-
dom switchings are occurring when perturbation pulses w
different intensities and phases are applied to individ
modes at random. In chaotic itinerancy systems, rand
switching among different attractors never occurs whe
random external noise is applied@9,14#.

If one tries to realize the ‘‘target’’ periodic GS patter
starting from a particular initial periodic GS pattern whic
has a large norm~distance! from the target pattern, ther

FIG. 14. Successive generation of different periodic group
states.g50.17.si ,k50.002,Dt51.
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exist many switching routes reaching the target pattern
different intermediate GS patterns. Then, an interesting qu
tion arises as to how to find the easiest switching route
reach the target pattern with the minimum number of pert
bation signals.

The originality of this perturbation-induced switching
that the present autonomous antiphase dynamical sys
changes its dynamical patternby recognizing the ‘‘timing’’
of an externally applied weak perturbation.

V. SUMMARY AND DISCUSSION

In summary, the formation process of antiphase perio
states is investigated numerically in the reference mode
multimode intracavity second-harmonic lasers. Various
namical states associated with antiphase periodic states,
as clustered state, grouping state, self-induced switch
state among coexisting grouping states, and intermittent c
otic antiphase state have been found.

Dynamical characterization of grouping states has b
carried out in terms of the global intensity circulation co
cept. Nonreciprocal independence of intensity flow in grou
ing states as well as cooperative selective intensity flow
sponsible for self-induced switching among grouping sta
have been identified.

A clear understanding of peculiar self-induced switchin
among coexisting grouping states has yet to be known th
retically, however, we try to give one of the plausible ph
nomenological explanations for the occurrence of se
induced switchings. The remarkable point of the present s
induced switching is the one-to-one correspondence betw
the occurrence of chaos and random switchings. This m
suggest the possible existence of ‘‘heteroclinic’’ connectio
between coexisting grouping states. In other terms, an
stable manifold originating from one grouping state~e.g.,
saddle! is considered to cross a stable manifold of one of
other grouping states. If such a crossing occurs transvers
it is known that the system switches between coexisting fi
points ~e.g., grouping states! at random, at the same time
motion around grouping states exhibits very complex cha
behavior.

The timing-controlled switching-path formations amon
periodic grouping states and successive generations of di
ent dynamic patterns by externally applied perturbation s
nals have been demonstrated by numerical experiments
the case of self-induced switching, a perturbation force
self-generated chaotically and a random switching ta
place. The important message concerning switching beh
iors is that the present system changes it dynamical pat
by recognizing the ‘‘timing’’ of perturbations.

Finally, it is worth mentioning that in the present refe
ence model system, APS patterns survive stably for a la
system size as compared with other systems exhibiting A
This implies that rewritable factorial dynamic patte
memory with an extremely large capacity ofC5 log(N
21)!/log2 ~in bits! is feasible if a direct assignment to de
sired dynamical patterns by the injection-seeding meth
proposed in@5,6,11# is applied.

g
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